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The propagation of high power short pulse laser pulses in neutral gases is a surprisingly complex phenom-
enon. In order to study the detailed propagation dynamics a code has been developed which explicitly solves
Maxwell’s equations including the finite response time background neutral gas polarization and optical field
ionization. In large scale two dimensional simulations of a high power laser pulse propagating in hydrogen-like
gas the generation of ultrabroadband white light, the so-called supercontinuum generation, is observed.
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Since the advent of high power short pulse lasers, there
has been a renewed interest in the propagation dynamics of
high power pulses in neutral gases[1]. A variety of interest-
ing yet complex phenomena have been observed including
the formation of long plasma channels in air[2–5] and the
generation of ultrabroadband white light, the so-called super-
continuum generation, in a variety of neutral gases[6,7]. In
our laboratory supercontinuum generation with a total blue-
shift of the laser pulse which is fixed and independent of the
gas has also been observed[8]. The propagation of such laser
pulses is complex and therefore simulation is necessary. A
variety of simulations have been performed to study these
phenomena. Sophisticated simulations have shown that the
propagation dynamics of the laser pulse are turbulent in na-
ture [9]. Additionally, in similar types of simulations the su-
percontinuum radiation has been reproduced in the envelope
approximation[10–12] and in the unidirectional optical pulse
propagation approximation[13]. In order to study these types
of problems with a minimal amount of approximation we
have developed a nonlinear polarization ionization code
(NOPIC). In NOPIC we explicitly solve in two dimensions
Maxwell’s equations, the background neutral gas polariza-
tion, and optical field ionization by the laser pulse. The ad-
vantage of this method is that fewer approximations are
made than with envelope solutions such as the nonlinear
Schrödinger equation or unidirectional propagation solutions
where backscattered radiation is assumed to be weak[13].
The disadvantage is that much higher resolution in space and
time is necessary. This can be somewhat overcome by using
massively parallel computers. In this paper we describe the
numerical model equations and present results of supercon-
tinuum generation by a high power laser pulse propagating in
a neutral gas. Supercontinuum generation is observed in the
direct solution of Maxwell’s equations without envelope or
unidirectional propagation approximations.

Maxwell’s equations including source terms from the
plasma and polarization effects of the background gas can be
written as[14]
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whereEW is the electric field of the laser pulse,JW is the cur-

rent, andPW is the polarization of the background gas. The
contribution of plasma is through the current and including
weak relativistic effects is of the form[14]
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whereq is the charge,ne is the electron plasma density,me is

the electron mass, anda=euEW u /mecv is the unitless laser
strength parameter in whichv is the laser frequency. The
polarization equation can be written in the form[15]
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whereP0=nNqa0, PW =nNqxW, xW is the displacement from equi-
librium of the bound electrons, andnN is the neutral density

of the gas. Typically,EW varies on slower time scales thanPW .

PW is a function of the formPW sxW ,td. We have assumed a soft-
core potential for the atomic response with equilibrium ra-
dius a0 which is of the order of the Bohr radius[16]. By
using this the polarization finite response time and saturation
of the gas are automatically included. Plasma formation is
taken into account by[17]
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wherenN0 is the initial neutral density and the termW is the
optical field ionization rate given by[18]
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whereva=mee
4/"3, Ea=me

2e5/"4, eh andei are the ionization
potentials of hydrogen and the atom under consideration.

Equations(1)–(3) are finite differenced in space and time
on a two dimensional Cartesian grid and are time centered.
The code has been parallized using a two dimensional do-*Electronic address: koga@apr.jaeri.go.jp
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main decomposition with inter-CPU communication using
MPI. The code was run on the Hewlett-Packard AlphaServer
SC ES40 using 720 CPU’s. The size of the integration time
step is limited by the polarization equation[Eq. (3)] and
ionization equation[Eq. (5)], since the fastest oscillations
occur there. The oscillation frequencyvR can be estimated
from Eq. (3) by assuming thatuPu! P0:

vR =Î q2

mea0
3 . s6d

The maximum ionization rate can be calculated from Eq.(5)
Wmax=6e−1va. The time stepDt should be chosen so that
vRDt,1 andWmaxDt,1.

We performed two dimensional simulations of the propa-
gation of a 1-mm wavelength 26 GW linearly polarized laser
pulse propagating in a hydrogenlike neutral gas at 1000
times atmospheric pressures2.731022 cm−3d. This high den-
sity was chosen so that the self-focusing effects take place
over a short distance. The pulse was temporally and spatially
Gaussian with a duration of 266 fs and spot size of 200mm.
In order to avoid transient oscillations the pulse was propa-
gated from a low neutral density region into the high neutral
density region via a hyperbolic tangent ramp of length
20 mm. The pulse is initially weakly focused so that it is
10% of the Rayleigh distance away from the focus point
assuming Gaussian pulse propagation. This was done to
compensate for any defocusing that might occur due to the
neutral density ramp. The wavelength of the laser was re-
solved by ten grid cells so that the total simulation box size
was 4000 by 18 000 grids in thex andy directions wherex is
the propagation direction. The boundaries were periodic iny
and absorbing inx [19]. The soft core radiusa0 was set to be
1.5 Bohr radii. The resulting depth of the soft core potential
well is 18.1 eV which is comparable to the ionization level of
13.6 eV for hydrogen which was chosen forei. The initial
pulse intensity is 1.731013 W/cm2 which is far below the
threshold ionization intensity of 1.431014 W/cm2. The
charge was set so thatq=e, resultingly, vR/v=11.9 and
Wmax/v=48.4. The simulation time step was chosen so that
vDt=0.006.

The critical power for self-focusing is given by[20]

Pcr =
ps0.61d2l2

8n0n2
, s7d

where l is the laser wavelength,n0 is the linear index of
refraction, andn2 is the nonlinear index of refraction. The
indices of refraction can be calculated from the Taylor series
expansion of the soft core potential[15]:
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Using these formulas we find thatP/Pcr=308 whereP is the
power of the laser pulse. This implies that the pulse should
easily self-focus. The self-focusing distancezf is calculated
to be 0.8 cm[20]. The previous estimate is for the whole

beam to focus. Small scale focusing including background
saturation occurs over shorter distances and is given by[3]

zf =
l

2pn2I0
lnS1 +

Î2

d
D , s10d

whereI0 is the initial maximum intensity andd is the initial
modulation depth of the laser pulse. This focusing distance is
closer to that observed experimentally[3]. Using this for-
mula we get 0.16 cm withd=0.1.

Figure 1 shows the laser pulse after it has propagated
200 mm (left) which is past the neutral density ramp and
after propagating 0.5 cm(right) in the gas. The simulation
box is moving with the laser pulse at nearly the speed of
light. We can see that the back of the laser pulse has been
strongly modified. This is what has been previously referred
to as an optical shock at the back of the pulse[21]. This
shock has been proposed as the source of the supercon-
tinuum generation[21]. The effective spot size of the laser
pulse has increased by a factor of 2. All fields are below the
theoretical ionization threshold field.

Figure 2 shows a zoom up of the central region of the
laser pulse. We can see that a very complex structure has
formed in the back of the pulse. Many filaments of various
sizes have formed. The filament sizes are predicted to be[22]

d =
l

4În2Icrit

, s11d

whereIcrit is the critical threshold ionization intensity of the
gas. From the simulation paramters the filament size is pre-
dicted to be 5.4mm.

FIG. 1. Laser field after propagating 200mm (left) which is past
the neutral density ramp and after propagating 0.5 cm(right) in the
neutral gas.
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Figure 3 shows the power spectrum of the laser pulse
taken in they direction and the spectrum averaged overx
(white line). Towards the back of the pulse there is a broad
spectrum of filament sizes. In the figure we can see a peak in
the spectrum fork/k0 of about 0.2 which corresponds to the
predicted filament size. From the figure it can be seen that
the place where the filament sizes are close to theory occur
between 50,x/l0,100.

At the same propagation distance Fig. 4 shows the corre-
sponding plasma formation in the laser pulse. We can see
that plasma filaments have formed. Down the center of the
pulse the filaments are straight lines. However, at the edges
of the pulse the structure is more complicated.

The equilibrium plasma densitynp can be estimated by
assuming that sustained channeling of the laser pulse occurs
[23]:

n2Icrit =
vp

2

2v2 +
s1.22ld2

8n0pw0
2 , s12d

where vp=Î4pe2np/me is the plasma frequency andw0 is
the initial laser spot size. In Eq.(12) the left hand side refers
to the self-focusing, the first term on the right hand side
refers to plasma diffraction, and the second term on the right
hand side refers to vacuum diffraction. From this equation
one can calculate the balance plasma density, sincevp

2/2v2

is np/2nc wherenc is the critical density,

np

nc
= 2Sn2Icrit −

s1.22ld2
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Using the parameters from the simulation we getnp/nc
=4.3310−3. The plasma density near the center of the pulse
s875,y/l0,925d is found to be close to the theoretical
prediction. Exactly down the centersy/l0=900d the density
is about a factor of 2 higher than the theoretical value, how-
ever, at the edges of the pulse(y/l0ø850 andy/l0ù950)
the density reaches very high values. Some points exceed
critical density.

Figure 5 shows power spectra of the laser pulse taken in
thex direction averaged overy. One can see that as the laser
pulse propagates in the neutral gas, supercontinuum genera-
tion is observed with a spectral dropoff which is similar to
experiments[6,7]. The initial laser pulse is centered around
l /l0=1. There is a shift in the spectrum as the laser pulse
propagates from the low density region to the high density
region of the simulation from the increase in the index of
refraction. The shift can be calculated using Eq.(8) and
l /l0=1/n0 to get l /l0=0.92. After reaching the high den-
sity region the spectrum begins to spread. The spread reaches
wavelengths as short asl /l0<0.5.

Figure 6 shows the power spectrum as a function of the
wave numberk normalized by the initial wave numberk0
and y where the amplitude is log scale after the pulse has
propagated 0.5 cm. We can see that the short wavelength
components occur transversely near the center of the pulse.
The shortest wavelengths occur slightly off the center of the

FIG. 2. Zoom up of the laser field after propagating 0.5 cm in
neutral gas.

FIG. 3. Power spectrum in the direction transversesyd to the
propagation of the laser field after propagating 0.5 cm in neutral gas
and the spectrum averaged over the propagation directionsxd (white
line).

FIG. 4. Zoom up of the plasma after the laser has propagated 0.5
cm in neutral gas.

FIG. 5. Power spectra in the propagation directionsxd of the
laser pulse as a function of propagation distance in the gas.
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pulse. The source of this broadening is still under investiga-
tion, but is most likely due to the complex interaction of the
laser filaments and plasma formation. We have speculated
that this complex interaction is a self-organized critical state
[24].

In order to determine the effects of the nonlinearity in the
polarization in Eq.(3) a simulation with the same parameters
was run with a linear polarization response:
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Figure 7 shows power spectra of the laser pulse for the non-
linear (solid line) and linear(dashed line) response taken in
thex direction averaged overy after the pulse has propagated
0.5 cm. We can see that the spectrum is broader in the case
with the nonlinear response. The spectrum from the linear
response is found to remain the same after propagating 0.3
cm. The spead reaches wavelengths as short asl /l0.0.6.

The largest difference in spectra appear in the direction
transverse to the propagation direction. Figure 8 shows the
power spectrum of the laser pulse as a function of the wave
numberk normalized by the initial wave numberk0 for the
nonlinear(solid line) and linear(dashed line) response taken

in the y direction averaged overx after the pulse has propa-
gated 0.5 cm. The peak atk/k0=0.2 due to filament forma-
tion seen in the nonlinear response case is not seen in the
linear response case. This is due to the fact that the nonlinear
focusing and filament formation do not occur in the linear
response case. It can be seen that the case with nonlinear
response is significantly broader than in the linear response
case. Due to the complex interaction of filaments transverse
perturbations are driven to scales as small as twice the origi-
nal wavelengthk/k0<0.5.

The results from our simulations indicate that the slow
envelope approximation, as expected, is pretty good at pre-
dicting the overall propagation characteristics of the laser
pulse. Theoretical predictions based on envelope approxima-
tions are found to be in good agreement with the simulations.
For example, the dominant transverse filament size is found
to agree well with theoretical predictions based on envelope
approximations[22]. In addition, the predicted balance den-
sity is also in good agreement with theory along the center of
the pulse[23]. The simulations also generate the overall
shape of the supercontinuum spectra observed in simulations
based on the envelope approximation[10–12]. Although de-
tailed comparison with slow envelope approximation nu-
merical solutions is outside the scope of the current paper,
we expect that differences should occur in the details of the
pulse propagation at the edges of the pulse and at wave-
lengths shorter than the carrier wave where application of the
paraxial approximation used in the slow wave approximation
is expected to be limited. Examples from the simulations
include the observation of high plasma densities at the edges
of the pulse where the amount of reflected light can become
large, the details in the power spectra in Fig. 5 showing
wavelengths shorter than the carrier wavelength, and the
scattering of parts of the laser pulse to large angles as seen in
Fig. 1 after propagating 0.5 cm. In addition, large deviations
are expected from the slow envelope approximation when
we go to subcycle laser pulses where the approximation
breaks down.

In conclusion we have performed a large scale direct so-
lution of Maxwell’s equations with finite response time gas

FIG. 6. Two dimensional spectrum as a function of wave num-
ber k normalized by the initial wave numberk0 and y where the
amplitude is log scale.

FIG. 7. Comparison of the power spectra in the propagation
direction sxd averaged over the transverse directionsyd of the laser
pulse after propagating 0.5 cm in neutral gas with nonlinear(solid
line) and linear(dashed line) response.

FIG. 8. Comparison of the power spectra in the transverse di-
rection syd averaged over the propagation directionsxd of the laser
pulse with nonlinear(solid line) and linear(dashed line) response
after propagating 0.5 cm in the gas. The spectra are functions of
wave numberk normalized by the initial wave numberk0.
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polarization and optical field ionization of the propagation of
high power laser pulses in neutral gas. We have reproduced
supercontinuum generation without envelope or unidirec-
tional propagation approximations. The nonlinear polariza-
tion response of the gas which leads to self-focusing and
plasma formation is found to drive a broad range of trans-
verse perturbations. The transverse perturbation scale lengths
are as small as twice the original laser wavelength. In the

next paper the complex interaction between the laser field,
generated plasma, and neutral gas response will be further
analyzed. In addition we will study ultrashort subcycle laser
pulse propagation.
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